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The invest igat ion p e r f o r m e d  below is appl icable to nonstat ionary e lec t rohydrodynamlc  flows in which 
c h a r g e d - p a r t i c l e  diffusion p r o c e s s e s  play an essen t i a l  pa r t .  Examples  of such flows a re  nonsta t ionary flows 
with moving e lec t r i c  charge  fronts  [1, 2], flows with gasdynamic  p a r a m e t e r  discont inui t ies ,  boundary l aye r s  
nea r  e lec t rode  gr ids ,  flows with e lec t r i f i ca t ion  of bodies during mot ion in s t r e a m s ,  the phenomenon of e lec t r ic  
charge  fo rma t ion  and methods to control  it in different  technological  p r o c e s s e s  [2], e tc .  The ex t rao rd ina ry  
e lec t rohydrodynamic  situation a lso  occurs  during combust ion  in an e lec t r i c  field [3], fo r  ins tance ,  when a l a m i n a r  
f lame front  is p laced between plane e lec t rodes  [4, 5]. In this case ,  charged  domains of opposite charge  a re  
fo rmed  on e i the r  side of the combust ion  front  (between the e lec t rode  and the f lame) .  The m a s s i v e  e lec t r i ca l  
fo rces  acting on the flow hydrodynamics  during combust ion resul t  in different  e lec t rohydrodynamic  effects  into 
whose descr ip t ion  the cha rge  diffusion mus t  be taken into account espec ia l ly  nea r  the combust ion  front.  By 
varying the applied voltage,  different  nonsta t ionary  t r ans ien t s  can be obtained with the adjus tment  of the e lec -  
t r i ca l  and hydrodynamical  p a r a m e t e r s  in the charged domains and can act effect ively on the combust ion front.  

1 . B U R G E R S  E Q U A T I O N  F O R  T H E  E L E C T R I C  F I E L D  I N T E N S I T Y  

The t r a n s f e r  and diss ipat ion p r o c e s s e s  due to v i scos i ty  and heat conductivity a re  cons idered  inessent ia l  
in the examples  p re sen ted  above; hence,  we shall  uti l ize the following sy s t em of equations [1, 2, 4] to descr ibe  
e lec t rohydrodynamic  flows with c h a r g e d - p a r t i c l e  diffusion taken into account: 

OE/Ot + 4~j =(rot H)c; (1.1) 
rot E = 0; (1.2) 

div E = 4~q; (1.3) 
j = q(bE -~ v)-- D grad q; (1.4) 

Op/Ot ~ div pv = 0; (L5) 
pdv/dt + gradp -~ qE; (1.6) 

p = pRT; (1.7) 
CvpdT/dt + p div v =( j  - -  qv)E, (1.8) 

where  v, E, I-I, j a r e  the vec to rs  of the veloci ty of the medium,  the e lec t r i c  and magnet ic  field intensi t ies ,  and 
the cu r r en t  densi ty p, p, T a re  the density,  p r e s s u r e  and t e m p e r a t u r e ,  q is the volume e lec t r ic  charge  density,  
R is the gas  constant ,  C V is the specif ic  heat  at constant  volume,  D and b a re  diffusion coeff ic ients ,  and c is 
the speed of light. 

Applying the d ivergence  opera t ion  to both sides of (1.1) we obtain the law of charge  conserva t ion  

O~/Ot + div j = 0, 

which is,  toge ther  with (1.2)-(1.8), the known s y s t e m  of e lec t rohydrodynamics  equations [1, 2]. El iminat ing J 
and q f rom (1.1)-(1.4), we obtain an equation for  the e lec t r i c  field intensity 

OE/Ot +(v -~- bE)div E - -  DAE ---- rot Itc. (1.9) 

Assuming the flow to p o s s e s s  some spat ia l  s y m m e t r y ,  we se t  the right side of the equation identically equal to 
ze ro .  In the case  of a weak e lec t rohydrodynamic  (EHD) in teract ion (the right s ides of (1.6) and (1.8) a re  zero),  
we can cons ider  that v=cons t .  Then (1.9) is the th ree -d imens iona l  analog of the Burge r s  equation, known in 
hydrodynamics  [6-8], which desc r ibes  the or iginat ion and fo rmat ion  of a shock in which cha rged -pa r t i c l e  diffu- 
sion p lays  the pa r t  of v iscos i ty .  Going over  to an iner t ia l  coordinate  sys tem,  we obtain in the one-dimensional  
ca se  
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OE/Ot ~, bEOE/Ot -=- DO~E/Ox~. (1.10) 

which  by using the Hopf subs t i tu t ion  [9] 

2D E . . . .  InF  
b 0x  

r e d u c e s  to the l i n e a r  equat ion  of hea t  conduc t ion  

OE/at -~ DO"-F/Ox'.. 

Then  the so lu t ion  of (1.10) with the ini t ial  condi t ion  E (x, 0) = E 0 (x) c an  be wr i t t en  in the f o r m  

2D 0 in t (z--~)~ b Eo (~1) d~ d~ -- t z i E b Ox 4Dt 2D b t bt X 
-- o 

-}-'" i (x__~) ~ b iEo(~])drl ld~ 
. . . .  I ~ e x p ]  4Dr 2 D  o 

X --c~ 

"~ - -  " E o (q) d~] d~ e x p  ( x - -  ~)2 
--~o 4Dt 

The n e c e s s a r y  condi t ion  for  c o n v e r g e n c e  of the in tegra l  in (1.11) is 
9r 

t' E0 (~) d~ ~ const x, x - +  ~ .  b 
0 

Cons ide r ing  the  evolut ion of the ini t ial  p e r t u r b a t i o n s ,  which damp as x ~ *  % we put 

b .t' E0 (ll) dTl ~ bO < cr 

Fo r  any t 

( IA1)  

J" E (x, t)dx = " ] E0 an O. (1.12) 
__~ --co 

Let  us note tha t  f o r  the inva r i an t  (1.12), which is the i n t eg ra l  of mot ion  fo r  the B u r g e r s  equa t ion  (1.19), t h e r e  is a 
potent ia l  d i f f e rence  in the  init ial  p e r t u r b a t i o n s  at the ends of the  t i m e - c o n s e r v i n g  segmen t  of in t eg ra t ion  in our  
c a s e .  Tak ing  accoun t  of 

0 + ~  +r162  
l q) E~ S E~ dx:=-"~ S Ea(x)dx-- 2 

- - o o  0 - - ~  

the  a sympto t i c  f o r m  of the so lu t ion  (1.11) as t ~ 

o ~ br b* +~ (1.13) 
E ( x , t ) = - - 2 - ~ - $ - ~ l n [ e - ~ - f f j  e - ~ d ~ e + - ~  y e-~d~l . 

t-+co X 

VY57 
It fol lows f r o m  (1.13) tha t  as  t --~o the so lu t ion  depends only on the magn i tude  of the e l e c t r i c  potent ia l  of the 
init ial  p e r t u r b a t i o n .  

As D - - 0  the a sympto t i c  f o r m u l a  (1.13) is s impl i f ied  
bO 

i X V ' ~ -  t e2D --~- i 
E ( x , t ) - -  b ~ ~ '  

~ o  VD-~ e ~ - i + 1/~x e T~ 

which y ie lds  in the l imi t  as  D ~ 0 

t x 
l imE(x ,  t - - ~ ) - ~  --K'-~, 0 < x < : :  1f12~-~, 

D-~O [ O, x < O, x > V 2bOt. 

2 .  S T A T I O N A R Y  S O L U T I O N  O F  T H E  B U R G E R S  E Q U A T I O N  

The B u r g e r s  equat ion  a l so  al lows a s t a t i ona ry  solut ion tn the f o r m  of a t r ave l i ng  wave be ing  p ropaga ted  
without  d e f o r m a t i o n  at a cons tan t  ve loc i ty  W. Substi tut ing E = f ( x - W t )  =f(~) and being i n t e r e s t ed  in bounded 
so lu t ions ,  we obta in  fo r  the wave being p ropaga t ed  to the r ight  
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w 2c 1 
E (~) : -b- + c l -  

i --eeexp [- -  - ~ ]  (2.1) 

(C I and c 2 are constants of integration). The solution (2.1) is a certain wave of the electrical field intensity 
which is similar to a shock or rarefaction wave. The magnitude of the jump and the characteristic value of 
the transition domain equal 2c I and D/bcl, respectively, i.e., are determined from the boundary conditions of 
the problem. In order to illustrate the properties of a stationary wave, let us be given (although formally) the 
following conditions: 

x : 0, E -  El, x - + c o ,  E : E o. (2.2) 

We hence  ob t a in  

W E 1 - -  E~ 
c l = % - - - E o ,  c2 W 

E1 -- 2-~- + E o 

The  v e l o c i t y  of s t a t i o n a r y  wave  p r o p a g a t i o n  W hence  r e m a i n s  a r b i t r a r y .  In o r d e r  to  d e t e r m i n e  it,  c e r t a i n  a d d i -  
t iona l  c o n s i d e r a t i o n s  a r e  needed .  E i t h e r  the  e l e c t r i c a l  c h a r g e  d e n s i t y  be ing  p r o p a g a t e d  t o g e t h e r  wi th  the  wave  
( i .e . ,  t he  d e r i v a t i v e  of the  e l e c t r i c a l  f i e l d  wi th  r e s p e c t  to the  c o o r d i n a t e ) ,  o r  the  r a t e  of i t s  f o r m a t i o n  in an 
i n f in i t e ly  n a r r o w  zone  of ion g e n e r a t i o n  in the  wave  f ron t  m u s t  be g i v e n  as  an a dd i t i ona l  cond i t i on  to  (2.2). By 
s e t t i n g  

e o dE x = O -  beo c2cf~ 
x = O ,  q o - -  4~ dx 2~D(1--c2) ~' 

we ob t a in  

w - - b ( E ' + E ~  ~ 4riD qo (2.3) 
2 -;- eo E1--E~o' 

_ E , - - E ~  , 4xeD qo beo ( E , - - E o )  
Ct 2 ' be o E I - E o' c2 - - 8 r i D  qo 

It iS s e e n  f r o m  (2.3) tha t  the  h a l f - w i d t h  2c 1 and the  ve loc i t y  of wave  p r o p a g a t i o n  W depend  on the  va lue s  E 1 and 
E 0 and the  p r o p e r t i e s  of the  c h a r g e d  g a s .  

Le t  us  m a k e  n u m e r i c a l  e s t i m a t e s .  F o r  e x a m p l e ,  the  c h a r a c t e r i s t i c  va lue s  of the  e l e c t r i c a l  p a r a m e t e r s  
on e a c h  s i d e  of the  c o m b u s t i o n  f ron t  a r e  the  fo l lowing  du r ing  c o m b u s t i o n  in  an e l e c t r i c a l  f i e l d :  E 1 ~ 103 V / c m ,  
E0 N 10 V / c m ,  q0 ~ 109 c m - 3 "  e (e is  the  c h a r g e  on an e l e c t r o n ) ,  b ~ 1 c m 2 / V ,  s e c ,  D ~ 1 c m 2 / s e c ,  % ~ 1. Then the 
m a g n i t u d e  of the  j ump  is  2c I ~ 103 V / c m ,  the  h a l f - w i d t h  of the  wave  is  A = D / b c l  ~ 2 �9 10 -3 cm,  and the wave  
v e l o c i t y  is  W ~ 5 .102  c m / s e c .  It i s  a s s u m e d  in t h e s e  e s t i m a t e s  tha t  t he  s p a c e  c h a r g e  is  f o r m e d  by ions .  When 
the  m a j o r i t y  of c h a r g e  c a r r i e r s  a r e  e l e c t r o n s ,  by  s e t t i n g  E 1 ~ 10 z V / c m ,  E 0 ~ 0, qo ~ 10 '  c m - 3 "  e ,  b ~ 1 03 cm2/V , s e c ,  

D ~ 103 c m 2 / s e c ,  ~0 ~ 1, we ob t a in  2c 1 ~ 1.4 �9 102 V / c m ,  A = D / b c  1 ~ 1.4" 10-2cm, W ~ 7 - 104 c m / s e c .  As  i s  s een  f r o m  
the  e s t i m a t e s  p r e s e n t e d ,  the  m a g n i t u d e  of the  jump  and the h a l f - w i d t h o f  t h e w a v e  a r e  d e t e r m i n e d  m a i n l y  by the  
e l e c t r i c a l  f i e ld  i n t e n s i t y  in f ron t  of and behind  the wave  f ront ,  whi le  the  wave  p r o p a g a t i o n  v e l o c i t y  depends  e s -  
s e n t i a l l y  on the  m o b i l i t y  of the  c h a r g e d  p a r t i c l e s  b e i n g  f o r m e d  in the  wave b e c a u s e  of ion iza t ion ,  o r  f o r m e d  in 

the  in i t i a l  i n s t an t  by s o m e  s o u r c e .  

Le t  us no te  tha t  the  i n v e s t i g a t i o n  p r e s e n t e d  above  can  be a p p l i c a b l e  to  n o n s t a t i o n a r y  e l e c t r o h y d r o d y n a m i c  
f lows when the  v e l o c i t y  of the  m e d i u m  v in (1.9) is  d e t e r m i n e d  f r o m  the  f low h y d r o d y n a m i c s ,  i . e . ,  in the  a p p r o x i -  

m a t i o n  of  weak  e l e c t r o h y d r o d y n a m i c  i n t e r a c t i o n .  

3 .  L I N E A R  E H D  W A V E S  T A K I N G  A C C O U N T  O F  C H A R G E  D I F F U S I O N  

Now, l e t  us e x a m i n e  the  c a s e  when it  is  i m p o s s i b l e  to n e g l e c t  e l e c t r o h y d r o d y n a m i c  i n t e r a c t i o n .  

In the  c a s e  when  the  e l e c t r i c a l  m a s s  f o r c e s  e x e r t  a s u b s t a n t i a l  e f f ec t  on the  f low h y d r o d y n a m i c s ,  the  
v e l o c i t y  of the  m e d i u m  depends  on the  m a g n i t u d e  of the f i e ld  i n t e n s i t y  and is  d e t e r m i n e d  f r o m  (1.5)-(1.8) .  In 

the  o n e - d i m e n s i o n a l  c a s e ,  we ob ta in  fo r  c u r l  H E  0 
0 a d 0 (  Z~) 

0 - - / - p + ~ p v = 0  , p ~ - v = - - - ~  P - - - ~ - ,  p = p R T ,  

o 

OE OE 02E 
--or + ( v  -~- bE)  ~ ~ -~-x'. " 

(3.1) 
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The s y s t e m  (3.1) is a comple te  s y s t em  of e lec t rohydrodynamic  equations for  one-d imens iona l  flows with cha rge  
diffusion taken into account.  L inea r  e lec t rohydrodynamic  waves  without diffusion were  cons idered  in [5, 10]. In 
pa r t i cu l a r ,  acoust ic  wave propaga t ion  in charged  med ia  being fo rmed  during combust ion  in an e l ec t r i ca l  field 
was inves t igated in [5]. 

Let us l inea r ize  the s y s t e m  (3.1) by denoting the p a r a m e t e r s  of the unper turbed s ta te  by a ze ro  subsc r ip t  
and cons ider ing  them constants ,  while the pe r tu rba t ions  will be denoted by p r imed  quanti t ies .  In a coordinate  
s y s t e m  moving at the veloci ty  v 0 we obtain 

0E' . 0E' 0-OE ' (3.2) 
t bEo oz - -  ox'- ; 

O'-p" = a2 O~p" __ _~ff.[as O'-E" b O'-E" . 03E" 1 (3.3) 
ot 2 ox~ o ~  -'-" - ( Y - t )  E o o - ~ x ~ ( i - - i )  D ~ ' _  

where  a =~fTP0/P0 is the the rmodynamic  speed of sound, and y is the adiabatic  index. 

The usual  acous t ics  equation follows f r o m  (3.3) in the absence  of an e l ec t r i ca l  field (E 0 = 0). 

As is seen  f rom (3.2), in a l i nea r  approx imat ion  with v =cons t  the gasdynamic  p a r a m e t e r s  exe r t  no in- 
f luence on the field format ion .  The solut ion of (3.2), which is a l i nea r  heat  conduction equation, can be wr i t ten  
in the f o r m  

+oo t 2 

t ~ e -Vgf(~--~+b~~ E' 
E'  (z, t) = ~ - J o ~  (~, 0) a~, (3.4) 

where  E'(~,  0)=Et(~,  1")IT = 0 is the initial per tu rba t ion .  

Now (3.3) is an inhomogeneous wave equation in which Et(x, t) is e x p r e s s e d  f r o m  (3.4). Let  us wr i te  the 
solution of this wave equation 

2 + ~ r (~) d~+ d~: / (~, ~) d~, 
x - - a t  0 x - -a (  t - - 'O 

0 p~ 
,~ (~) = p' (~, o), r (~) = --~ (~. ~). 

eo [ o-.-~, . _ o ,e ,  n o~z, 1 
-[ (~ '  ~:) - -  4 n  a"  - -  (? - -  t)  o~o ~ + (~ - -  t)  _ oxor l" 

In the p a r t i c u l a r  ca se  when the med ium is desc r ibed  by a poly t ropic  law of s ta te  

p =cons t  p~, (3.6) 

where  n is the polytropy index, the s y s t e m  of equation s impl i f i es  substant ia l ly :  Instead of the th i rd  and fourth 
equations f r o m  (3.1) we wr i te  the re la t ionship  (3.6). In this case  we also  obtain a s y s t e m  of equatians analogous 
to (3.2) and (3.3) with the sole d i f ference  that  the function f(~, T) in the r ight  side of the inhomogeneous wave 
equations (3.3) and its solution (3.5) has  the fo rm 

/ (~, ~) _ ,,vo eo o~e' 

If we seek  the solution of (3.2) and (3.3) in the f o r m  of plane waves  (p'(x, t) = p ' . e  i ( kx -~ ) ,  E~(x, t) = 
E~, el(kx-wt) [11, 12], where  p~ and E~ a re  constants) ,  then a d i spe r s ion  re la t ionship  

(co - -  bEo k -}-, iDk~)(o) ~ - -  a~'k2) = O. (3,7) 

c a n  be o b t a i n e d  by  u s i n g  s t a n d a r d  opera t i3ns .  

This  d i spe r s ion  re la t ionship  d e t e r m i n e s  th ree  waves :  Two acoust ic  waves  being propagated  to opposite 
s ides  with the veloci ty  a ,  and the e l ec t r i ca l  f ield intensi ty wave whose phase  veloci ty equals 

Re o) = bE  ~ + 2D Im k. 
Rek 

Let  us note that  the l inear ized  s y s t e m  (3.2), (3.3) is valid, s t r i c t ly  speaking,  just for  a quas ineut ra l  m e -  
dium in the unper turbed  s ta te  (E0=const) .  

If the med ium has the space  cha rge  q0 ~ 0, the s ta t ionary  e l ec t r i ca l  field intensity,  p r e s s u r e ,  density,  and 
t e m p e r a t u r e  d is t r ibut ions  in the unper tu rbed  s ta te  a r e  then subject  to  the following re la t ions  ffor v0= 0): 
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Eo = co _ 2% Eo 2 
l _ e x p ( _ ~ . ~ + c  O' P~ : c~ -}- ~ -' 

c2 + E~ (3.8) 

8= 
Po-- B T o  ' T ~  c3' 

where  co, c l, c 2, c 3 a r e  constants  of integrat ion.  These  re la t ionships  follow f r o m  the s y s t e m  (3.1) wr i t t en  in 
the s t a t ionary  ca se  fo r  v 0 = 0. 

If the unper turbed  p a r a m e t e r s  of the med ium a re  de te rmined  f r o m  (3.8), then the l inear ized  s y s t e m  (3.1) 
has the f o r m  

Og" ~-x ~ bE og" 02E" ' v' ~176 = 0 
ot + b E '  + o ~ - -  D ~ T Ox ' 

no o~" o," op" ' (E o e , ,  E' oe,~ 

CrOp" 0@[ or' b 2 0 E '  b Eo E,  OEo + 
BOt CvTo @Po ox 4= Eo Ox 2~ Ox 

, D ~ O'~E' 1) E '  O"-E~ 
~- -~ff- ~o -~-~ + - ~ -  -gg-x~ =0"  

Seeking the solut ion of this  s y s t e m  in the f o r m  of plane waves ,  and equating the de te rminan t  of this  s y s t e m  to 
zero ,  we can  obtain the following d i spe r s ion  re la t ion:  

[ [ (03+ i D k ~ - - b E ~  N i b - ~  ] ~ - -  aSk~Zr- 4-~- Po ~ - t -4-~o\-~xiJ  

__ iDa~k4 + Eo aZ b D ~,-- 1 o k s _ ib a s -4- 3'-- t E2 k s + k = O. 
4= .Po 4~ po ~ ox L ox~ 

One of the four  solutions of the d i spe r s ion  relationship�9 is the t r iv ia l  solution w = 0, which is not included 
in (3.9). It is a lso  evident that the d i spe r s ion  re la t ion  (3.7) is a p a r t i c u l a r  case  of (3.9) with E 0 =const .  With- 
out wri t ing down the expl ici t ly  awkward solut ions of  the cubic equation, let  us jus t  p r e s e n t  some  approx imate  
resu l t s .  

In pa r t i cu l a r ,  we have for  the s h o r t w a v e s  of the h igh-f requency b ranch  

(o a = iDa2k 4, (3.10) 

and fo r  the long waves  

L 4 oxk  Oxl  bE~ k. 

The d i spe r s ion  re la t ionship  fo r  the s h o r t w a v e s  in the low-f requency  branch  has the fo rm 

o~ = - - i D k  s, (3.11) 

while fo r  the long waves  

] o, = (~-- I) [ D( ~ ' ~176 2bE. k. L ~ ox / ox"- 

Analyzing the re la t ionships  wr i t ten  down, the deduction can be made  that cha rge  diffusion p r o c e s s e s  play the 
governing ro le  fo r  s h o r t w a v e s .  This  r e su l t  is pe r f ec t ly  na tura l  s ince the t e r m s  with diffusion a re  dominant 
fo r  f i ne - sca l e  phenomena .  

In the ca se  when the med ium is subjected to the polyt ropic  law of s ta te  (3.6), the d i spe r s ion  re la t ion  be-  
comes  

o 3 + i  Dk 2 + i b E o k + b  ox]  - - t  -~o + \4~po ax n ~ - ~ o  

_ (  ~_b OE. ) (  0 P~-)=O. + 4=0ol ~,--~-~'][ OEo~ "~ ].1 co Dk a -t- ibEok e , -~ -  k in ~o k -}- n 

Separat ing the high- and low-f requency  b ranches  of the solution, we obtain for  the shor t  waves  in a high- 
f requency b ranch  

o 3 = iDn po k 4, (3.12) 
P0 
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while for  the long waves 

aZo a ( ' o ) / c .  

Correspondingly,  the d ispers ion  equation for  the shor twaves  in the low-frequency branch has the form 

(o = - -  iDk s, (3.13) 

while fo r  long waves 

�9 , r aBo~-~ ~ ( P ~  k o) = aupoon i,--~-~ J a~ ~, po j " 

Let us note the agreement  between the resu l t s  for  the short  waves in the case  when the medium is sub- 
jected to a polytropic law of s tate ,  and in the genera l  case  when the energy equation is wri t ten  down. In pa r -  
t icular ,  t he re  will be complete  cor respondence  between (3.10) and (3.12) if the polytropic speed of sound is 
introduced as a = V ~ o / P o  add (3.11) agrees  with (3.13). It should be noted that the polytropic  law descr ibes  
the s ta te  of the medium sufficiently well, fo r  instance,  for  adiabatic p r o c e s s e s  proceeding so rapidly that heat 

�9 does not succeed in being t ransmi t t ed  f rom one point to another .  

In conclusion, let  us note that the analysis  pe r fo rmed  and the resu l t s  obtained a re  valid fo r  unipolarly 
charged  flows in which in teract ion p r o c e s s e s  between a charged medium and an e lec t r i c  field as well as charge 
diffusion play a substantial  par t .  

The authors are  grateful  to A. G. Kulikovskii and V. B. Librovich for  useful d iscussions  and r emarks  
made.  
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